Filling the large voids in the crystal structure of the skutterudite CoSb 3 with rattler atoms R provides an avenue for both increasing carrier concentration and disrupting lattice heat transport, leading to impressive thermoelectric performance. While the influence of R on the lattice dynamics of skutterudite materials has been well studied, the phase stability of Rfilled skutterudite materials and the influence of the presence and ordering of R on the electronic structure remain unclear. Here, focusing on the Yb-filled skutterudite Yb x Co 4 Sb 12 , we employ first-principles methods to compute the phase stability and electronic structure. Ybfilled CoSb 3 exhibits a mild tendency for (1) phase separation into Yb-rich and Yb-poor regions and (2) chemical decomposition into Co-Sb and Yb-Sb binaries (i.e., CoSb 3 , CoSb 2 , and YbSb 2 ). Due to the small energetic magnitude of such instabilities, configurational entropy is expected to stabilize single-phase solid solutions at reasonable synthesis temperatures, in agreement with experiments. Filling CoSb 3 with Yb increases the band gap, enhances the carrier effective masses, and generates additional low-energy "emergent" conduction band minima, known as band convergence. The explicit presence of R is responsible for the band convergence, though the rattler ordering does not strongly influence the electronic structure. The emergent conduction bands are spatially local-ized in the Yb-rich regions, unlike the delocalized electronic states at the Brillouin zone center that form the band edges for the unfilled skutterudite.
Introduction
In thermoelectric heat-to-electricity conversion, the figure of merit is ZT = σS 2 T /κ, where σ is the electrical conductivity, S is the thermopower, κ is the thermal conductivity, and T is the temperature. Therefore, efficient thermoelectric materials must exhibit a rare combination of electronic and thermal transport properties: large σ, large S, and small κ. In order to (1) understand the ability of existing thermoelectric materials, typically heavily doped semiconductors, to satisfy this set of rare physical properties and (2) design improved thermoelectric materials, a detailed understanding of the electronic structure, lattice dynamics, and phase stability is critically important.
One famous class of thermoelectric materials is the skutterudite CoSb 3 , a covalent semiconductor satisfying the 18-electron rule. 1 CoSb 3 , whose skutterudite crystal structure is shown in the inset of Fig. 2 , can be considered a perovskite (ABX 3 , with an empty A-site) with substantial distortions of the CoSb 6 octahedra that create large voids. 2 CoSb 3 has a bodycentered-cubic (bcc) lattice with 16 atoms in the primitive unit cell and a space group of Im3. CoSb 3 -based thermoelectric materials exhibit favorable electronic transport properties, as the highly covalent bonding leads to large electronic mobility µ and σ (but also increasing κ e , the electronic contribution to κ). 3 In addition, the presense of multiple conduction bands, known as band convergence, leads to large S. 4, 5 Perhaps the most distinguishing feature of skutterudite materials is their ability to host "rattler" atoms R (such as alkali, alkaline earth, actinide, rare earth, and halogen elements) in the large crystallographic voids, 6 which serves a dual purpose with respect to thermoelectricity. First, it enhances the power factor (σS 2 ) via electronic doping. 7 Secondly, it drastically reduces κ L , the lattice component of κ. 8 Loosely bonded to the rest of the solid, the R atoms are believed to disrupt phonon transport via "rattling" in the voids (hence the name). [9] [10] [11] [12] While the influence of rattlers on the lattice dynamical properties of skutterudite materials has been much studied, the phase stability and electronic properties have received far less attention. In particular, the thermodynamic stability of R-filled skutterudite materials, the ordering tendencies of the rattlers, and the precise influence of the rattlers on the electronic states are all unclear. Therefore, in this work, we present a detailed study of the phase stability and electronic structure of Rfilled skutterudite CoSb 3 using first-principles calculations. We focus on Yb rattlers since Ybfilled skutterudite CoSb 3 exhibits some of the most promising thermoelectric properties, e.g., ZT approaching 1.5, and has been subject to considerable experimental investigation. 6, 38 We find that the Yb-filled skutterudite exhibits a tendency to phase separate into Ybrich and Yb-poor regions, though the energetic lowering (compared to the completely empty and filled endmembers) is only on the order of 10 meV per Yb/void site. Due to the small magnitude of the formation energy, configurational entropy will likely win this energetic battle, and we expect these materials are likely to be single-phase solid solutions at reasonable synthesis temperatures, consistent with experiments. The Yb-filled skutterudite is in a threephase region of the thermodynamic convex hull, with a mild thermodynamic driving force for chemical decomposition similar in magnitude to the mixing energy. Filling the CoSb 3 skutterudite with Yb opens the electronic band gap, increases carrier effective masses, and leads to several new emergent conduction band minima. The explicit presence of the rattlers is responsible for band convergence, though the rattler ordering does not strongly influence the electronic structure. The emergent conduction bands are spatially localized in the Yb-rich regions, unlike the delocalized electronic states at the Brillouin zone center that form the band edges for CoSb 3 .
Computational Methodology
CoSb 3 exhibits a significant octahedral distortion (a + a + a + in Glazer notation 39 ) with respect to the ideal perovskite structure. While ∠Co-Sb-Co is 180 • for perovskite, it is 127 • in CoSb 3 . Similarly, ∠Sb-Co-Sb is 85-95 • instead of the ideal 90 • . The octahedral distortion in the skutterudite crystal structure yields 1 void per 4 Co atoms. Therefore, the general stoichiometry for a filled CoSb 3 skutterudite is R x Co 4 Sb 12 with 0 < x < 1. Using to explicitly indicate an empty void, the formula becomes 1−x R x Co 4 Sb 12 . We note that the upper limit of x, i.e., the filling fraction limit (FFL), is significantly lower than 1 in practice, [40] [41] [42] but we consider the full crystallographic range of 0 ≤ x ≤ 1.
Plane-wave density functional theory (DFT) 43, 44 calculations are performed using vasp 45 w/ the generalized gradient approximation of Perdew, Burke, and Ernzerhof 46 using Co, Sb, and Yb_2 (5p 6 6s 2 valence) projector augmented wave potentials. 47, 48 We use a 500 eV kinetic energy cutoff, Γ-centered k-point grids of density ≥ 500 k-points/Å −3 , 0.1 eV 1storder Methfessel-Paxton smearing 49 for structural relaxations, and the tetrahedron method with Blöchl corrections 50 for static runs. The energy and ionic forces are converged to 10 −6 eV energy and 10 −2 eV/Å, respectively.
The convex hull is constructed from the Open Quantum Materials Database (OQMD), 51,52 a database of electronic structure calculations based on DFT, which currently contains 49 binary and 5 ternary phases in the Yb-Co-Sb space. A cluster expansion (CE) 53, 54 is employed to describe the energetics of different configurations of Yb and on the bcc sublattice of voids in the skutterudite structure. The optimal CE in atat 55 contains null, point, and pair (out to 6th nearest neighbor) clusters. Disordered structures are modeled with special quasirandom structures (SQS) 56 with 8 Yb/ sites for x of 1/4, 1/2, and 3/4. 57 We fit the SQS formation energies to a Redlich-Kister polynomials of order 1 (subregular solution model), as discussed in Refs. 58 and 59. Band structure unfolding based on the CoSb 3 lattice parameter is performed using bandup. 60, 61 is the lowest-energy decomposition reaction according to the OQMD. Experiments suggests other competing phases: CoSb 3 , CoSb 2 , and YbSb 2 . 62,63 Although CoSb 2 is metastable, it is above the convex hull by only 4 meV/atom. Given this small energy, it is conceivable that vibrational entropy (not considered in this work) might stabilize this phase. Artificially lowering the energy of CoSb 2 alone is not sufficient to make Yb x Co 4 Sb 12 → (4 − 2x) CoSb 3 + 2x CoSb 2 + x YbSb 2 the lowest-energy decomposition reaction. However, as discussed in the Supporting Information, its combination with stabilizing YbSb 2 and/or destabilizing Yb 11 Sb 10 can achieve this effect. For example, the three-phase equilibrium of CoSb 3 , CoSb 2 , and YbSb 2 is achieved by the simultaneous artificial energy lowering of CoSb 2 and YbSb 2 by 20 and 23 meV/atom, respectively. We note that the treatment of the Yb 4f electrons as core states is a factor that may influ-ence the computed formation energies. Validation of the convex hull from the OQMD is discussed in the Supporting Information.
Results and Discussion

Phase stability
The formation energies of Yb x Co 4 Sb 12 , with respect to the x = 0 and x = 1 endmembers, computed via cluster expansion, are shown in Fig. 1(b) . The cluster expansion, which is fit to 40 structures, achieves a leave-one-out cross-validation score of 1.6 meV per lattice site. Additional details on the cluster expansion are contained in the Supporting Information. A mild phase separating tendency is observed, with positive formation energies on the order of tens of meV per lattice site. Phase separation has also been predicted in La x Fe 4 Sb 12 via coherent potential approximation calculations (in this case with appreciable energy of mixing ∼ 0.6 eV), 36 whereas a previous cluster expansion for Ba x Co 4 Sb 12 found several stable ordered phases (formation energy no lower than ∼ −90 meV). 64 The chemical decomposition energy exhibits a similar magnitude as the mixing energy. Among the ordered phases, (110) and (100) superlattices are the lowestenergy structures (still higher in energy than phase separation).
The SQS, with DFT-computed formation energies of 6-15 meV as shown in Fig. 1(b) , are not far above the convex hull. Therefore, we expect configurational entropy will likely stabilize single-phase solid solutions of Yb x Co 4 Sb 12 at reasonable synthesis temperatures, given the small magnitude of the formation energy. For example, the ideal configurational entropy contribution to the mixing free
, is ≈ −120 meV for x = 1/2 at 1,400 K (typical in experimental synthesis 63 ), which is significantly larger than the magnitude of the formation energy and the chemical decomposition energy. In experiments, a phase of Yb x Co 4 Sb 12 is typically achieved without evidence of Yb ordering or separation into Yb-rich and Yb-poor phases; this phase often coexists with the binary impurity phases CoSb 2 and YbSb 2 . 42, 63, [65] [66] [67] [68] This behavior is consistent with our computational findings. We note that samples whose preparation involves ball milling may exhibit a inhomogeneous Yb distribution due to non-equilibrium 
Figure 2:
Electronic band structure of Yb x Co 4 Sb 12 for the fully-relaxed endmembers (x = 0 and x = 1). Energies are plotted with respect to the gap midpoint at Γ, and the Fermi energy for x = 1 is indicated by the horizontal arrow. Emergent conduction bands in x = 1 are noted by the vertical arrows. In the conventional skutterudite unit cell (black dashed lines) shown in the inset, cyan, blue, and brown circles indicate Yb/ , Co, and Sb. We note that there is an alternative crystal structure description in terms of Sb 4 rings (sometimes called squares or rectangles); 2,70 one such ring is shown.
The electronic band structure of the endmembers (x = 0 and x = 1) is shown in Fig. 2 . Filling the voids with Yb (x > 0) leads to a metallic state with carriers in the conduction band. For comparison, the zero of energy set to gap midpoint at Γ. Here, both the x = 0 and x = 1 structures are fully relaxed, so x = 1 has a smaller Brillouin zone volume than that of x = 1 due to a larger lattice parameter. We note that we find the same trends discussed below if we fix to the relaxed x = 0 lattice parameter.
With Co contributing 9 e − and Sb 3 contributing 9 e − , CoSb 3 satisfies the 18 e − rule 1 and forms a semiconductor with a small experimental band gap on the order of 35-50 meV. 71, 72 We find CoSb 3 is a direct-gap semiconductor, with the singly-degenerate valence band and triply-degenerate conduction bands located at Γ, consistent with previous calculations. 4, 73, 74 The valence bands are primarily a mix of Co p/d and Sb p character, whereas the conduction bands are primarily Co d character. As shown in early electronic structure calculations on CoSb 3 , 73,74 the valence band and one of the conduction bands exhibit linear dispersion (as opposed to the usual parabolic behavior) near the band extrema.
Filling the voids of CoSb 3 with Yb leads to two major effects. First of all, it can be seen that adding Yb increases the magnitude of the band gap. Secondly, the Yb rattlers lead to band convergence, i.e., the emergence of additional conduction bands with minima close in energy to the band edge. We observe such bands, which we refer to as "emergent bands," at four locations along the high-symmetry kpath shown in Fig. 2: (1) between Γ and H, (2) at N, (3) between P and Γ, and (4) between P and H. We note that another emergent band exists between N and H, not shown in Fig. 2 . For sufficiently large x, the conduction band minimum no longer corresponds to the band at Γ, i.e., the direct gap at Γ is no longer the smallest gap. Previous studies focused on the conduction band minimum between Γ and N (which can be seen in the x = 0 data in Fig. 2) , 4,5,75 but we find other relevant emergent bands. The same trends of band gap opening and band convergence are also present for intermediate x values, as discussed below.
Here, we discuss the band gap trends in more detail. The computed band gap of CoSb 3 , 0.155 eV, is larger but still comparable to the small experimental band gap on the order of 35-50 meV. 71, 72 Fully filling the voids with Yb (corresponding to the x = 1 structure) increases the gap to 0.210 eV. The band gap increases further to 0.239 eV if we fix to CoSb 3 structural parameters; this indicates the gap opening is a chemical, not structural, effect. In order to understand the role of the Yb atoms, we also artificially dope CoSb 3 by increasing the electron chemical potential of CoSb 3 and adding compensating homogeneous background charge to retain charge neutrality, rather than including Yb atoms. In such artificially doped CoSb 3 , we find a substantial band gap of 0.315 eV, which indicates suggests that gap opening upon doping is not specifically tied to the presence of Yb as the dopant. Similar behavior was found in a previous study of Ba-filled skutterudite CoSb 3 . 76 In contrast to the band gap opening behavior, band convergence is not found for the artificially-doped x = 1 case, whose band structure is shown in the Supporting Information. This indicates that the presence of the rattler atoms is responsible for band convergence.
Filling the voids with Yb also impacts the carrier effective masses m * determined via a quadratic fit of the band structure near the band extrema. The effective masses become larger (corresponding to less dispersive bands) for x = 1 as compared to x = 0. For example, for the valence band at Γ along the P direction, the effective mass is 0.06 m e for x = 0 as compared to 0.09 m e for x = 1. Along this direction, there are two heavy and one light conduction band. For x = 0, the corresponding effective masses are 0.19 m e and 0.07 m e , appreciably smaller than the 0.21 m e and 0.11 m e for x = 1, respectively. The same qualitative trend is found for the Γ valence and conduction bands along each of the k-space directions along the computed high-symmetry path in the Brillouin zone, as is discussed in the Supporting Information. The decrease in carrier mobility (∼ 1/m * ) for larger x is consistent with experiments. 69 Electronic structure of partiallyfilled skutterudite CoSb 3 In order to probe the electronic properties of Yb x Co 4 Sb 12 with intermediate x (0 < x < 1), we compute the effective band structures for structures with partial Yb filling, as shown in Fig. 3 . For ordered structures, we choose the low-energy structures corresponding to (110) superlattices since such structures have a relatively small primitive unit cell. In addition, we note that previous DFT calculations found that (110) is the lowest-energy surface. 77 We compare to disordered structures in order to assess the affect of Yb ordering on the electronic structure. Both the ordered and disordered struc- 6 tures show similar effects as the fully-filled skutterudite material: band gap opening and conduction band convergence. This suggests rattler ordering does not have a dramatic effect on the band structure, though the presence of the rattler atoms is necessary to achieve band convergence (as discussed above). We note that there are differences between the ordered and disordered structures in the finer details of the emergent bands. Size of the points is proportional to the weight in the effective band structure as determined by band unfolding, and the color indicates the spatial polarization ξ of the wavefunctions (as defined in the main text). We only plot points with weight greater than 0.02 (for visual clarity) whose p Y b and p are both greater than 0.025 (to avoid numerical errors in computing ξ). Fermi energies are indicated by horizontal arrows. The endmember band structures are shown as solid lines. All structures are fixed to the relaxed x = 0 lattice parameter.
In order to investigate the nature of the electronic states in the partially-filled skutterudite material, we compute for the superlattice structures the projections of the wavefunctions (1) on all atoms corresponding to the Yb-rich region (which we call p Yb ) and (2) on all atoms corresponding to the Yb-poor region (which we call p ). For example, p Yb = α,l,m | Y α lm |ψ nk | 2 , where ψ nk is the Kohn-Sham wavefunction for band n and crystal momentum k and Y α lm is a spherical harmonic centered on an atom α in the Yb-rich region with angular momentum (projection) l (m); we sum over all values of l and m in order to provide a measure for the total charge in the region. The layer of atoms at the interfaces between these regions are not included in either of these projections. For example, for x = 1/2, these interface atoms include those lying in the purple planes drawn in Fig. 3(d) as well as the corresponding atoms between layers 2 and 3. We define the spatial polarization, with respect to the Yb-rich and Yb-poor regions, of the electronic states as
.
The factors of 1/x and 1/(1 − x) are included to normalize for the differing sizes of the Ybrich and Yb-poor regions when x = 1/2. A spatial polarization value of 1/2 indicates the wavefunction exhibits an equal preference for localization on an atom in the Yb-rich region as that in the Yb-poor region, whereas a ξ value of 1 (0) indicates a 100% preference for localization on an atom in the Yb-rich (Yb-poor) region.
The spatial polarization of the superlattice electronic states is shown via the color of the points in Fig. 4 , which shows the superlattice band structure. The emergent conduction bands exhibit values of ξ significantly larger than 1/2, which indicates such states tend to be localized in the Yb-rich region. Although these states have a strong preference to localize in the Yb-rich region, we note that the states are not localized on the Yb atoms, which act as cations and donate their charge. In contrast to the emergent bands, the electronic states at Γ show values of ξ much closer to 1/2. This indicates that the highly-dispersive bands at Γ are much more spatially delocalized. Therefore, one can think of Yb x Co 4 Sb 12 as containing two distinct types of carriers: delocalized electrons at Γ and electrons more localized in the Yb-rich regions from the emergent bands.
Conclusions
Using first-principles calculations, we provide a detailed understanding of the phase stability and electronic properties of filled skutterudite CoSb 3 . The Yb-filled skutterudite Yb x Co 4 Sb 12 exhibits a mild tendency to phase separate into the Yb-rich and Yb-poor endmembers, as well as a mild tendency for chemical decomposition into Co-Sb and Yb-Sb binaries. Single-phase solid solutions with partial Yb filling, observed in experiment, are likely stabilized by the configurational entropy of the rattlers. In addition to enhancing the band gap and effective masses, the presence of Yb leads to two distinct types of electronic carriers: (1) new emergent conduction band minima whose electronic states are localized near the rattler atoms and (2) the delocalized electronic states at the Brillouin zone center.
